Motion around small asteroids, given their weak gravity fields, is strongly affected by perturbation forces such as solar radiation pressure. Several types of orbits in such strongly perturbed environment have been proposed in past studies. However, these orbits usually have complex shapes and limited orbital geometries. To avoid these disadvantages, delta-V assisted periodic orbits (DVAPOs), which are made periodic by introducing a small impulsive delta-V within each period, are proposed. Stability analysis of DVAPOs is the main topic of this paper. The stability of DVAPOs can be analyzed by treating delta-V maneuvers as part of the natural motion and extending the conventional stability analysis method for natural periodic orbits. Moreover, the stability of feed-back controlled DVAPOs can also be discussed by introducing an augmented monodromy matrix. Based on an augmented monodromy matrix, stabilization strategies for DVAPOs are successfully established. Finally, the feasibility of a DVAPO for the Hayabusa 2 mission is shown.
: quantity at the sun side
Introduction
The two most common modes of spacecraft operations in the proximity of an asteroid are hovering operation and orbiting operation. Orbiting operation has several advantages compared with hovering operation. For example, it requires less fuel and is more useful for science observations. However, the gravity of an asteroid is generally very weak, and therefore, orbital motion of a spacecraft is strongly affected by other perturbation forces. For orbits around small asteroids, the solar radiation pressure (SRP) is the dominant perturbation force among other perturbations, such as the solar gravity and the gravity irregularity due to the asteroid shape. 1) For this reason, natural periodic orbits (NPOs) around such asteroids exist only within restricted conditions.
Well-known examples of NPOs subject to strong SRP perturbation are terminator orbits ( Fig. 1 (a) ), and resonant terminator orbits, which are also called multi-revolution terminator orbits ( Fig. 1 (b) ). 1, 2) These orbits have natural periodicity even in strongly perturbed environments. However, the orbital geometries of terminator orbits are very limited, and the shapes of resonant terminator orbits are generally complex. In order to avoid these disadvantages, the authors have proposed a new class of orbits around asteroids, which are made periodic by introducing a small impulsive delta-V maneuver within each period (Fig. 2) . 3) This class of orbits is referred to as "delta-V assisted periodic orbits (DVAPOs)" in this paper. DVAPOs provide high flexibility in the design of orbital parameters. Moreover, the orbit shape is simple, which makes it easy to operate a spacecraft. In addition, the required delta-V is smaller compared with hovering operation. By virtue of these characteristics, DVAPOs are useful and practical options for asteroid missions.
Stability analysis of DVAPOs is the main topic of this paper, which is important to evaluate orbits for practical use. The stability of DVAPOs can be analyzed by treating delta-V maneuvers as part of the natural motion of a spacecraft. 3) However, a stabilization strategy has not been discussed yet. For this reason, one of the objectives of this research is to establish a stabilization strategy for DVAPOs. In order to achieve this objective, an augmented monodromy matrix is introduced and stabilization methods based on this matrix are proposed. In the following sections, it is demonstrated that DVAPOs can be stabilized by slightly modifying the deterministic delta-V per period. Besides, an orbit stabilization strategy based on attitude control, varying the acceleration due to SRP, is also proposed as an alternative method.
In addition to establishing the general dynamical theory of DVAPOs, the feasibility of DVAPOs is also evaluated by assuming the application to the Hayabusa 2 mission, which was launched by JAXA in December 2014. At the end of this paper, simulation results for orbiting operation using a DVAPO, assuming the parameters of the Hayabusa 2 mission, are provided. It is thereby demonstrated that DVAPOs are feasible for real missions.
Orbit Design Methodology

Dynamic model of spacecraft motion
The augmented Hill three-body problem (AH3BP) is an approximation of the circular restricted three-body problem (CR3BP), which is valid for expressing the motion of a spacecraft in the proximity of a small secondary body (asteroid) subject to SRP. 2) If a coordinate system is defined as shown in Fig. 3 , which is usually called the Hill coordinate system, the equations of motion of a spacecraft around an asteroid are expressed as 
where SRP a is the acceleration due to SRP, which is given as follows.
The definition and the value of parameters used in Eqs. (1) and (2) are given in Table 1 . Here, Note that the distance from the sun d is regarded as a constant value for simplicity in this paper, although it is actually not constant because of the eccentricity of an asteroid orbit. An asteroid orbit should be modeled as an elliptic orbit for detailed analyses. However, Eq. (1) can serve as a good approximation for a short arc of such an elliptic orbit. For example, most practical DVAPOs of the Hayabusa 2 system have a period of less than approximately ten days, which is sufficiently short compared with the revolution period of Ryugu (1.3 years). Therefore, if n and d in Eqs. (1) and (2) are assumed to be constant during a period of a DVAPO and modified for the short arc, DVAPOs around asteroids with elliptic orbits can be approximately analyzed.
Design methodology
The equations of motion Eq. (1) have symmetry which is an important characteristic for the design of DVAPOs. If the variables of the left-hand side of Eq. (3) satisfy Eq. (1), then those on the right-hand side also satisfy the equation.
This symmetry is widely used for the design of various types of NPOs as well. 4, 5) The orbit design methodology for DVAPOs, which is applied this conventional method, has already been proposed by the authors.
3)
The design method is a fundamental part of the whole dynamical theory of DVAPOs, and thus, a brief explanation is given in the following part. (Fig. 4 (a) ). By contrast, when initial conditions cause a spacecraft to escape from or collide with an asteroid, a DVAPO cannot be achieved (Fig. 4 (b) ).
Based on this methodology, an initial condition can be expressed as follows with three degrees of freedom (Fig. 5) .
These three parameters uniquely identify a specific DVAPO. in the positive direction. This is because the resulting Coriolis force is applied in a direction that makes the spacecraft orbit the asteroid. Figure 7 shows a part of the solution space shown in Fig. 6 with several DVAPO examples. As shown in Fig. 7 , DVAPOs can be categorized into two distinct types. One is heart-shaped orbits ( Fig. 7 (a, b) ), and the other is teardrop-shaped orbits (Fig. 7 (c, d) ), in which delta-V is added on the sun side and the dark side respectively. This delta-V is added to compensate for the acceleration due to SRP, and thus, it is always directed toward the sun for both types of orbits. Figure  7 shows that orbital shape and inclination changes drastically depending on the initial conditions ) , ( (Fig. 7 (f) ). Since this orbit is a planar orbit and no longer exists near the terminator plane, it is also regarded as a horizontal Lyapunov orbit around the L2 point, which is distorted due to SRP.
Solution Space Analysis
This figure shows that if an initial distance init r is fixed, the NPOs are specified as single points in the solution space. By contrast, DVAPOs still have two degrees of freedom. This result demonstrates that DVAPOs provide higher flexibility than NPOs do for the design of orbits around asteroids.
Stability Analysis
Stability analysis methods based on Floquet theory are widely used for NPOs. 6) Stability is investigated by analyzing whether a state error with respect to a reference orbit increases or not. Considering DVAPOs, delta-V is added on orbits once per period, and thus, the state changes before and after the delta-V maneuver. The proposed stability analysis method for DVAPOs therefore extends the conventional stability analysis method for NPOs by treating the delta-V maneuver as part of the natural motion. In this analysis, it is assumed that the delta-V vector and the orbital period are constant in each period.
Stability condition
First, the state error with respect to a reference trajectory is expressed as follows (Fig. 8) .
The motion of a spacecraft during
is natural motion, and therefore, the same linearized approximation as that for NPOs can be applied as follows.
where M is a monodromy matrix, which is the state transition matrix corresponding to the orbital period T . 4) Next, considering the instantaneous transition because of the delta-V maneuver during
, the change of the state is given as follows.
From Eqs. (5) and (7), the following equation can be derived.
As mentioned above, the delta-V vector is assumed to be constant in each period, which is expressed as
, and therefore, the next equation is satisfied.
Accordingly, the relation between the initial error and the terminal error after one revolution including the delta-V maneuver is expressed as follows by using Eqs. (6) and (9). 
Eq. (11) is expressed in the same way as that for NPOs. Thus, the stability condition of a DVAPO is given by the next equation, using eigenvalues  of a monodromy matrix, which are called Floquet multipliers.
Because of the Hamiltonian nature of the AH3BP, Floquet multipliers of NPOs in the three-dimensional system always appear in three reciprocal pairs, and furthermore, two of them are always unitary. 5, 7) Therefore, Floquet multipliers of NPOs can be expressed as follows.
DVAPOs also have three reciprocal pairs of Floquet multipliers because this reciprocal characteristic is due to the symplecticity of a monodromy matrix. However, DVAPOs generally do not have unit eigenvalues (cf. Appendix), and thus, Floquet multipliers of DVAPOs can be expressed as follows.
Because of the reciprocal characteristic of Floquet multipliers, the stability condition Eq. (12) is satisfied only when the following equation is true.
Stability of DVAPOs can be determined based on this equation, once after Floquet multipliers are obtained.
Analysis results
Several stability analysis results for DVAPOs are provided in the following part. Fig. 11 . The stable orbit is propagated for 100 periods ( Fig. 11 (a) ), whereas the propagation of the unstable orbit is terminated after 7 periods ( Fig. 11 (b) ). These figures show that the initial error of the stable orbit does not diverge, and thus, the spacecraft remains in the proximity of the asteroid for a long time. On the contrary, the initial error of the unstable orbit diverges rapidly. These results suggest that the proposed stability analysis method for DVAPOs is valid. Stability analysis can be applied in the same manner to the DVAPO solution space. Figure 12 shows the result of stability analysis of the DVAPOs provided in Fig. 6 . The blue and red regions represent stable and unstable DVAPOs, respectively. This figure shows that some of the teardrop-shaped orbits, which roughly correspond to deg 90  respectively. Figure 13 shows the categorization of DVAPOs, which is for the same orbits shown in Fig. 12 . Figure 13 illustrates that the irregular distribution of stable DVAPOs shown in Fig. 12 is related to complex patterns obtained as a consequence of categorization. Practically, the maximum magnitude of Floquet multipliers, |) max(| i  , can be used as an index of stability. When this value is larger, it indicates stronger divergence in the direction of the corresponding eigenvector. If the orbit is stable, this value is equal to one. It is of great interest that, although the orbit shapes of DVAPOs themselves are simple, the eigenstructure of DVAPO solutions is complex. This complexity implies that the stability of DVAPOs changes drastically with slight differences in orbital shape.
Stabilization of Orbits
In the following part, several stabilization strategies for DVAPOs are proposed. These strategies are based on an augmented monodromy matrix introduced by extending the concept of a monodromy matrix. Feed-back control input is assumed to be added only once per period for all of the proposed stabilization methods in order to keep operation work load low and save the fuel for control.
Delta-V control
In this part, feed-back control of delta-V is considered, which means that the delta-V is varied in each period depending on the state error. In this case, the change of the state by a delta-V maneuver can be expressed as follows. 
The relation between the initial error and the terminal error after one revolution including feed-back controlled delta-V is expressed as follows from Eqs. (6) and (17).
Eq. (18) is expressed in the same form as Eq. (10), with the monodromy Μ replaced by M . Thus, M is referred to as an "augmented monodromy matrix" in this study. Figure 15 illustrates a conceptual diagram of an augmented monodromy matrix. If the eigenvalues of an augmented monodromy matrix, which is also called as Floquet multipliers, is expressed as  , then the stability condition of DVAPOs under feed-back control is also given by Eq. (12) . Note that Floquet multipliers no longer appear in reciprocal pairs.
Since the position of a spacecraft cannot be modified through a delta-V maneuver, a matrix W can be expressed with 3 3 submatrices as follows.
In order to stabilize a DVAPO, W must be given appropriately. One of the possible schemes is to apply delta-V such that the position error becomes zero after one revolution based on the linearized equations of motion. In this case, the solution of W is given as follows. This equation indicates that the initial state error becomes zero after two revolutions within the range of linearization.
Period control
If the timing of the delta-V maneuver is varied in each revolution, the period of a DVAPO can be varied in practice. Given the variation of a period because of period control is denoted as T  , the state error at the modified period T T   is linearly approximated with the following equation.
T
The position of a spacecraft cannot be changed by delta-V maneuvers, and thus, one desirable approach of stabilization is to reduce the position error as much as possible by period control. The position error at the modified period is represented as follows.
The T  that minimizes the position error is solved as
Here, the vector u is defined as follows.
From Eqs. (22) and (24), the following equation can be obtained.
where U is defined as follows with 3 3 submatrices.
Accordingly, when both delta-V control and period control are applied to a DVAPO, the relation between the initial error and the terminal error after one revolution is expressed as follows.
Here again, M is an augmented monodromy matrix and the stability condition of DVAPOs is given by Eq. (12).
Attitude control
Orbit control using SRP has been demonstrated by the world's first solar sail IKAROS. 8) Moreover, orbit stabilization for a solar sail through attitude control has been studied in previous research. 9) For a common spacecraft with solar array paddles (SAPs), SRP can also be utilized to stabilize the attitude of a spacecraft, and this method was successfully applied in the operation of the Hayabusa mission. 10) By extending these methods, the orbit stabilization for a common spacecraft by attitude control under SRP is proposed in this study.
For simplicity, the two-dimensional system is considered for this method. When the attitude of a spacecraft with respect to the sun, which is the sun angle  , is varied, it causes a variation of SRP acceleration. Then, the equations of motion under attitude control are expressed as follows. . It is assumed that the attitude is varied once per period at the point of a delta-V maneuver, and the sun angle is kept constant during the period. Under this assumption, the motion of a spacecraft during
is natural motion and therefore Eq. (6) holds true. Here, a monodromy matrix M is a 5 5 matrix in this case. Accordingly, Eqs. (16)- (18) also hold true, and thus, the stability condition is again given by Eq. (12) . Considering Eq. (16), the sun angle is the only parameter to be controlled, as follows.
Therefore, a matrix W is expressed by the following equation.
Here, w is a row vector with the length of 5. In this study, a matrix W of the attitude control case is given such that the stability condition Eq. (12) is satisfied. Note that a delta-V vector is assumed to be constant within each period, and thus, delta-V maneuvers are always carried out in the same direction, regardless of the deviation of the sun angle.
Simulation results
Simulation results for the stabilization of the unstable DVAPO shown in Fig. 10 are presented here. Each stabilization method proposed in Subsections 5.1-5.3 is applied to this DVAPO. Here, the orbit is propagated for 20 The simulation results for the stabilization by applying delta-V control are shown in Fig. 16 . The matrix W is given by Eq. (20) in this simulation. Figure 16 (a) shows the Floquet multipliers, that is the eigenvalues of the augmented monodromy matrix. It is shown that all of the Floquet multipliers are identical to zero, and thus, the DVAPO satisfies the stability condition. This means that the unstable DVAPO is successfully stabilized. Actually, Fig. 16 (b) shows that the initial error does not diverge. Moreover, Fig. 16 (c) indicates that the state errors converge within about 5 periods. Figure 16 (d) shows the variation of delta-V from the reference ideal delta-V. This figure demonstrates that the control input also converges after several revolutions. (II) Period control
The simulation results for the stabilization by applying both delta-V and period control are shown in Fig. 17 . The matrix U is given by Eq. (27). Figure 17 (c) shows that the overshoots of the state errors are suppressed especially for the position errors. This is because the period of the DVAPO is controlled such that the position error is minimized in each period. In addition, Fig. 17 (d) indicates that the total variation of delta-V is reduced compared with the case in which only delta-V control is applied. It can be inferred that the stabilization via both delta-V and period control provides higher stabilization performance than the stabilization via only delta-V control. (III) Attitude control
The simulation results for the stabilization by applying attitude and period control, which means the constant delta-V is added in each period, are shown in Fig. 18 
Here, Fig. 18 also shows that the proposed method using attitude control is effective to stabilize the DVAPO. This result demonstrates the possibility of indirect orbit control through attitude control, which can be regarded as solar sailing with SAPs. This stabilization method via attitude control is suitable for high-precision stabilization for the cases where the state error is comparatively small, and the delta-V resolution of the thrusters is comparatively low. The proposed three stabilization methods for DVAPOs, which are based on an augmented monodromy matrix, are all proven to be effective. Each method has its own advantages, and thus, it is important to select and combine suitable stabilization methods. 
Feasibility Evaluation
Design of feasible DVAPOs
In order to apply DVAPOs to an actual mission, it is essential to satisfy mission requirements. Several requirements, assuming the Hayabusa 2 mission, are given in Table 2 . Each parameter is explained below.
(I) Inclination
This requirement is related to observability of the target asteroid. If observation equipment is mounted on the anti-sun side such as Hayabusa 2, it becomes difficult to observe the target without changing the attitude of a spacecraft when inclination becomes larger. The field of view of the wideangle optical navigation cameras equipped on Hayabusa 2 (ONC-W1/W2) is 60 deg, and thus, the upper limit of inclination is given as 30 deg to observe the asteroid without attitude control. (II) Delta-V per period This value is given such that the required delta-V for a DVAPO becomes smaller than one-tenth of that for hovering operation.
(III) Dayside ratio
This requirement is also related to observability because optical observation can only be made when the spacecraft is on the dayside of the asteroid. Smaller value is preferred, and thus, the upper limit is given as 3 in order not to diverge rapidly.
If initial distance is given as km 5  It is necessary to accurately estimate the state of a spacecraft to control a spacecraft correctly. However, observation noise and process noise exist in a real system, and therefore, the state should be estimated considering these noises. In this study, the state is estimated using batch sequential filter. 11, 12) In addition, system parameters ) , ( SRP a  in the equations of motion are also estimated. These system parameters are treated as state parameters as expressed in the following equation, and then the state and system parameters are estimated at the same time. Figure 21 shows the simulation results of orbiting operation. Here, simulation conditions are given in Table 3 , and observables for estimation are given in Table 4 . In this simulation, the orbit is stabilized by applying both delta-V control and period control. Figure 21 (a) shows that the spacecraft remains in the proximity of the asteroid for 100 days without colliding with or escaping from the asteroid, even though the various errors are considered.
The history of the state errors is depicted in Fig. 21 (b) . The state errors become comparatively large during the 6-8th revolutions, but after that the errors slightly improved. This result demonstrates the efficacy of the proposed stabilization method.
Figure 21 (c) shows the history of the estimation error on the system parameters ) , ( SRP a  . Even though process noise is added to these parameters as shown in Table 3 , the parameters are estimated correctly with an accuracy of around 1 or 2 percent. Moreover, the accuracy gradually improves with additional revolutions. This result suggests that orbiting operation using a DVAPO may also be useful for the estimation of the gravity field of an asteroid. Figure 21 (d) provides the history of the total delta-V amount including orbit correction. The averaged delta-V for 14 periods is 7.2 cm/s, whereas the required delta-V for the 
Conclusion
The authors have proposed a new type of orbit around an asteroid subject to strong solar radiation pressure (SRP). This orbit uses a small impulsive delta-V within each period, and is called a delta-V assisted periodic orbit (DVAPO). It has been demonstrated that DVAPOs have high flexibility and simple shapes, and thus, they solve the disadvantages of natural periodic orbits (NPOs) proposed in past research.
The basic theory of this new type of orbit has been constructed. First, we established an orbit design methodology and clarified initial conditions necessary to obtain DVAPOs. In addition, a stability analysis method for DVAPOs was proposed, which extends the conventional method for NPOs by treating the required delta-V maneuver as part of the natural motion of a spacecraft. This method allows understanding the stability of DVAPOs, and thus, helps to select orbits for use in real missions. Moreover, orbit stabilization strategies based on an augmented monodromy matrix were investigated. This matrix is introduced by expanding the notion of a monodromy matrix, and it contains the information regarding the effect of feed-back control as well as that of natural motion. As a result, we demonstrated that an unstable orbit can be stabilized by applying feed-back control only once per period with small correction.
Finally, a simulation was performed, assuming the real mission operation of Hayabusa 2 including guidance, navigation and control. The simulation results indicated that the spacecraft can maintain its orbit even when various errors are considered. From these results, we conclude that DVAPOs are highly feasible for real missions.
Future work includes studying the effect of the eccentricity of an asteroid orbits, which is not considered in this research. This modification makes theories and analyses more realistic and generalized.
Appendix
(I) Proof of Eq. (13). 14) Equations of motion Eq. (1) (14) is provided from the reciprocal characteristic of eigenvalues.
